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REMARKS ON SKEW CHARACTERS OF IWAHORI-HECKE ALGEBRAS
DEKE ZHAO
Abstract. In this short note we give a new proof of the quantum generalization of Regev’s theorems by
applying the Murnaghan-Nakayama formula for skew characters of the generic Iwahori-Hecke algebra.
1. Introduction
Let r be a positive integer and q an indeterminate. We denote Hr(q) the algebra over
C(q), the field of rational functions in q, generated by T1, . . . , Tr−1 with relations
T 2i = (q − 1)Ti + q for 1 ≤ i < r,
TiTj = TjTi for |i− j| > 2,
TiTi+1Ti = Ti+1TiTi+1 for 1 ≤ i < r − 1,
that is, Hr(q) is the generic Iwahori-Hecke algebra associated to the r-th symmetric
group Sr, which has a linear basis {Tw|w ∈ Sr} defined by Tw = Ti1Ti2 · · ·Tik where
si1si2 · · · sik is any reduced expression for w.
Recall that a composition (resp. partition) λ = (λ1, λ2, . . .) of r, denote λ |= r (resp.
λ ⊢ r) is a sequence (resp. weakly decreasing sequence) of nonnegative integers such
that |λ| =
∑
i≥1 λi = r and we write ℓ(λ) the length of λ, i.e. the number of nonzero
parts of λ. A pair (α; β) of compositions is a bicomposition of r, denote (α; β) |= r, if
|α|+ |β| = r, and its length ℓ(α; β) is defined to be ℓ(α) + ℓ(β).
For any µ = (µ1, µ2, . . .) ⊢ r, the “standard element” of type µ is the following element
of Hr(q):
Tγµ = Tγµ1 × Tγµ2 × · · · ,
where Tγµi = Tai−1+1Tai−1+2 · · ·Tai with a0 = 0 and ai = ai−1+µi for all i = 1, 2, · · · . It is
well-known that the irreducible representations of Hr(q) are parameterized by partitions
λ of r (see e.g. [4, Theorem 2.3.1]). We denote χλ the corresponding character. Then it is
known [10, Corollary 5.2] that the characters χλ are completely determined by their values
on the “standard elements” Tγµ for all µ ⊢ r. For simplicity, we write χ
λ(µ) = χλ(Tγµ).
For positive integers m,n and λ ⊢ r, we denote by sm,n(λ) the number of all semi-
standard (m,n)-tableaux of shape λ (see Definition 2.6), which is zero unless λ is an
(m,n)-hook partition of r. In [13], we considered the following character of Hr(q)
Θq,rm,n :=
∑
λ⊢r
sm,n(λ)χ
λ,
i.e., the character of the sign q-permutation representation (Φq,rm,n, V
⊗r) of Hr(q), where
V is a Z2-graded vector space over C(q) with dimV0¯ = m and dimV1¯ = n (see [13,
Corollary 4.5]).
The main result of [13, Theorem A] is the following quantum version of [11, Theo-
rem 2.2].
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Theorem 1.1. Let µ = (µ1, µ2, · · · ) ⊢ r. Then
Θq,rm,n(µ) =
ℓ(µ)∏
i=1
∑
(α;β)|=µi
(−1)|β|−ℓ(β)
(
m
ℓ(α)
)(
n
ℓ(β)
)
q|α|−ℓ(α)(q − 1)ℓ(α;β)−1.
Thanks to [2, Theorem 6.24], the (1, 1)-hook partitions of r are λi = (r − i, 1
i) and
s1,1(λi) = 2 for all i = 0, 1, · · · , r−1. Theorem 1.1 implies the following quantum version
of [11, Proposition 1.1].
Theorem 1.2 ( [13, Theorem B]). Let µ = (µ1, µ2, · · · ) ⊢ r and let χr :=
∑r−1
i=0 χ
(r−i,1i).
Then
χr(µ) = 2
ℓ(µ)−1
ℓ(µ)∏
i=1
qµi − (−1)µi
q + 1
.
Although Theorems 1.1 and 1.2 are stated purely in terms of the representation theory
of Iwahori-Hecke algebras, the proof given in [13] is essentially use the Schur-Weyl duality
between the quantum superalgebra and Iwahori-Hecke algebra [7,8] and the crystal theory
for the quantum superalgebra Uq(gl(m,n)) [1]. Inspired by Taylor’s proof [12] of Regev’s
theorems, the purpose of the note is to provide an alternative proof of Theorem 1.1
by using the Murnaghan-Nakayama formula for the skew characters of Iwahori-Hecke
algebras (Corollary 2.4), which is derived from the Murnaghan-Nakayama formula for
the characters of Iwahori-Hecke algebras [9, Theorem 3.2]. As an application, we prove
Theorem 1.2 due to the Littlewood-Richardson rule ( [6, Theorem 2]).
2. A Murnaghan-Nakayama formula
The Young diagram of a partition π may be formally defined as the set
[π] := {(i, j) | i ≥ 1, 1 ≤ j ≤ πi} .
We may and will identify a partition π with its Young diagram. Assume that ρ, π are
partitions with ρ ⊆ π, i.e., ℓ(ρ) ≤ ℓ(π) and ρi ≤ πi, i = 1, . . . , ℓ(π). The set-theoretic
difference π\ρ is called a skew diagram. For a connected component C of the skew
diagram π\ρ, we define its the length to be one less than the number of rows it occupies
and we define the length ℓ(π\ρ) of the skew diagram π\ρ to be the sum of the length of
its connected components. The skew diagram π\ρ is called a strip if it does not contain
any 2 × 2 block and we denote by c(π\ρ) the number of connected components of π\ρ.
A connected strip is said to horizontal (resp. vertical) if it has at most one box in each
column (resp. row).
Recall that for any partition π, the rim R(π) in the diagram π is
R(π) :=
ℓ(π)⋃
i=1
{(i, j) | πi+1 ≤ j ≤ πi} ,
where πℓ(π)+1 = 0 and define the rim of the skew diagram π\ρ to be
R(π\ρ) = R(π) ∩ (π\ρ).
A rim strip of π\ρ is a strip S ⊆ R(π\ρ) such that for any (x, y) ∈ S and any (a, b) ∈
R(π\ρ)\S, either a < x or b < y. We say that S is a k-rim strip of π\ρ if |S| = k and
denote by Sk(π\ρ) the set of all k-rim strips of π\ρ.
Remark 2.1. A rim strip S has the property that (π\ρ)\S is again a skew diagram.
Indeed, we have (π\ρ)\S = (π\S)\ρ.
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Given any positive integer k, we assume that ρ ⊢ k and π ⊢ r + k such that ρ ⊂ π.
We denote by χπ\ρ the skew character of Hr(q) associated to π\ρ. Now we can state
the Murnaghan-Nakayama formula for the skew character of the Iwahori-Hecke algebra
Hr(q), which is derived from [9, Theorem 3.2]) by applying the similar argument as that
of [5, Chapter 2.4].
Theorem 2.2. Let µ be a partition of r and denote by µˆ the partition of r− µi obtained
by deleting the i-component µi of µ for some 1 ≤ i ≤ ℓ(µ). If ρ ⊢ µi and π ⊢ r + µi such
that ρ ⊂ π, then
χπ\ρ(µ) =
∑
S∈Sµi(π\ρ)
(−1)ℓ(S)qµi−ℓ(S)−c(S)(q − 1)c(S)−1χ(π\ρ)\S(µˆ).
Let (α; β) be a bicomposition r. We denote by S(α; β) the skew diagram whose con-
nected components are horizontal strips H1, · · · , Hm and vertical strips V1, · · · , Vn, and
(|H1|, · · · , |Hm|; |V1|, · · · , |Vn|) = (α; β). Associated to S(α; β), we define the correspond-
ing character of Hr(q)
χ(α;β) := χ(α1)⊗ˆ · · · ⊗ˆχ(αm)⊗ˆχ(1
β1) · · · ⊗ˆχ(1
βn),(2.3)
where ⊗ˆ denotes the outer product of characters.
Note that for any positive integer k, the set of k-strips of the skew diagram S(α; β) is
Sk(α; β) = {S(δ, γ) | (α; β) ⊃ (δ, γ) |= k}.
Clearly, ℓ(S) = |γ| − ℓ(γ), c(S) = ℓ(δ; γ). Therefore Theorem 2.2 implies the following
fact, which is crucial to the proof of Theorem 1.1.
Corollary 2.4. Let (α; β) = (α1, · · · , αm; β1, · · · , βn) |= r and denote by µˆ the partition
of r − µi obtained by deleting the i-component µi of µ for some 1 ≤ i ≤ ℓ(µ). Then
χ(α;β)(µ) =
∑
(α;β)⊃(δ;γ)|=µi
(−1)|γ|−ℓ(γ)q|δ|−ℓ(δ)(q − 1)ℓ(δ;γ)−1χ(α;β)\(δ;γ)(µˆ).
Recall that a partition λ = (λ1, λ2, · · · ) ⊢ r is said to be an (m,n)-hook partition of r
if λm+1 ≤ n. We let H(m,n; r) denote the set of all (m,n)-hook partitions of r, that is
H(m,n; r) = {λ = (λ1, λ2, · · · ) ⊢ r | λm+1 ≤ n}.(2.5)
Definition 2.6. Let m,n be nonnegative integers with m + n > 0 and let λ ⊢ r. Let
0¯ = {01, · · · , 0m} and 1¯ = {11, · · · , 1n} with 01 < · · · < 0m < 11 < · · · < 1n. Then a
tableau t of shape λ is said to be (m,n)-semistandard if
(i) the 0¯ part (i.e. the boxes filled with entries 0i’s) of T is a tableau,
(ii) the 0i’s are nondecreasing in row, strictly increasing in columns,
(ii) the 1i’s are nondecreasing in columns, strictly increasing in rows.
We denote by sm,n(λ) the number of (m,n)-semistandard tableaux of shape λ. Then
sm,n(λ) 6= 0 if and only if λ is an (m,n)-hook partition (see [2, § 2] or [1, Lemma 4.2]).
For λ ⊢ r and (α; β) |= r, we say that a (m,n)-semistandard tableau t of shape λ is of
weight (α; β) if the numbers of nodes of λ with entries 0i (1 ≤ i ≤ m) and 1j (1 ≤ j ≤ n)
are αi and βj respectively. In other words, t can be viewed as a sequence of partitions
ρ = π(0) ⊆ π(1) ⊆ . . . ⊆ π(m+n) = π
such that the skew diagrams θ(i) = π(i)\π(i−1) (1 ≤ i ≤ m+n) is either a horizontal strip
or a vertical strip, and the horizontal strips (resp. the vertical strips) are of the form α
(resp. β). Let s(α;β)(λ) be the number of semistandard (m,n)-tableaux of shape λ with
weight (α; β). Then sm,n(λ) =
∑
(α;β)|=r s(α;β)(λ).
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The following fact establishes the relationship between the skew characters and the
irreducible characters of Hr(q), which follows the proof of [12, Lemma 3.2] and that
Hr(q) is generic.
Corollary 2.7. Assume that (α; β) is a bicomposition of r with α = (α1, . . . , αm) and
β = (β1, . . . , βn). Then
χS(α;β) =
∑
λ∈H(m,n;r)
s(α;β)(λ)χ
λ.
3. Proofs
Proof of Theorem 1.1. We prove the theorem by the induction argument on the length
ℓ(µ) of µ. At first, consider the skew diagram S(α; β) with weight (α; β) |= r, where
α = (α1, . . . , αm) and β = (β1, . . . , βn). If S(δ; γ) ⊆ S(α; β) is a skew diagram with
weight (γ; δ) |= µi for some 1 ≤ i ≤ ℓ(µ), then due to Equ. 2.3 and Corollary 2.2, we
yield that
χS(α;β)(µ) =
∑
(α;β)⊃(γ;δ)|=µi
(−1)|γ|−ℓ(γ)q|δ|−ℓ(δ)(q − 1)ℓ(δ;γ)−1χS(α;β)\(γ;δ)(µˆ).
Note that for 1 ≤ i ≤ ℓ(µ), any bicomposition (α; β) |= r may be written to be the
following form
(α′ + δ; β′ + γ) := (α′1 + δ1, . . . , α
′
m + δm; β
′
1 + γ1, . . . , β
′
n + γn)(3.1)
where (α′; β′) and (δ; γ) are bicompositions of r − µi and of µi respetively. Applying
Corollary 2.7, we obtain that
Θq,rm,n(µ) =
∑
λ⊢H(m,n;r)
sm,n(λ)χ
λ(µ)
=
∑
λ⊢H(m,n;r)
∑
(α;β)|=r
s(α;β)(λ)χ
λ(µ)
=
∑
(α;β)|=r
χ(α;β)(µ)
=
∑
(α;β)|=r
∑
(α;β)⊃(γ;δ)|=µi
(−1)|γ|−ℓ(γ)q|δ|−ℓ(δ)(q − 1)ℓ(δ;γ)−1χ(α;β)\(γ;δ)(µˆ)
=
∑
(γ;δ)|=µi
(−1)ℓ(δ)
(
m
ℓ(γ)
)(
n
ℓ(δ)
)
q|γ|−ℓ(γ)(q − 1)ℓ(γ;δ)−1
∑
(α;β)|=r−µi
χ(α;β)(µˆ)
= Θq,r−µim,n (µˆ)
∑
(γ;δ)|=µi
(−1)ℓ(δ)
(
m
ℓ(γ)
)(
n
ℓ(δ)
)
q|γ|−ℓ(γ)(q − 1)ℓ(γ;δ)−1,
where the fifth equality follows the fact that given a bicomposition (α; β) of r and a
bicomposition (α′; β′) of r−µi, there exactly
(
m
ℓ(γ)
)(
n
ℓ(δ)
)
bicompositions (δ; γ) of µi with
given lengths satisfying Equ. 3.1. 
Proof of Theorem 1.2. Now assume that m = n = 1. Then the skew characters occurring
in Θq,r1,1 are of the form χ
(a;r−a) with 0 ≤ a ≤ r. Without loss of generality, we may
assume that χ(a;r−a) = χα\β where α = (a+ 1, 1r−a) ⊢ r + 1 and β = (1) ⊢ 1. Applying
the Littlewood-Richardson rule (see e.g. [6, Theorem 2]),
χ(a;n−a) =
∑
γ⊢r
cαβγχ
γ ,
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where cαβγ is exactly the usual Littlewood-Richardson coefficient thanks to [3, Propo-
sition 1.2]. Now for β = (1) the Littlewood-Richardson coefficient is described by the
branching rule (cf. [5, Theorem 2.4.3]). Applying this rule we easily deduce that
χ(a;r−a) =


χ(1
r), if a = 0,
χ(a,1
r−a) + χ(a+1,1
r−a−1), if 0 < a < r,
χ(r), if a = r.
(3.2)
Recall that χr =
∑r−1
i=0 χ
(r−i,1i). Equ. 3.2 and Theorem 1.1 imply
χr(µ) =
1
2
Θq,r1,1(µ)
=
1
2
ℓ(µ)∏
i=1
∑
(α;β)|=µi
(−1)|β|−ℓ(β)
(
1
ℓ(α)
)(
1
ℓ(β)
)
q|α|−ℓ(α)(q − 1)ℓ(α;β)−1
=
1
2
ℓ(µ)∏
i=1
(
qµi−1 + (−1)µi−1 + (−1)µi(q − 1)
µi−1∑
k=1
(−q)k
)
= 2ℓ(µ)−1
ℓ(µ)∏
i=1
qµi − (−1)µi
q + 1
,
which proves Theorem 1.2 stated in Introduction. 
Remark 3.3. If q = 1, then
r−1∑
i=0
χ(r−i,1
i)(µ) =
1
2
ℓ(µ)∑
j=1
(1− (−1)µj )
=
{
2ℓ(µ)−1 if |µj| is odd for all j,
0 otherwise,
which is the main result of [11, Proposition 1.1].
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